Abstract. We calculate the E-polynomials of the SL 3 (C) and GL 3 (C)-character varieties of compact oriented surfaces of any genus and the E-polynomials of the SL 2 (C) and GL 2 (C)-character varieties of compact non-orientable surfaces of any Euler characteristic. Our methods also give a new and significantly simpler computation of the E-polynomials of the SL 2 (C)-character varieties of compact orientable surfaces, which were computed by Logares, Muñoz and Newstead for genus g = 1, 2 and by Martinez and Muñoz for g ≥ 3. Our technique is based on the arithmetic of character varieties over finite fields. More specifically, we show how to extend the approach of Hausel and Rodriguez-Villegas used for non-singular (twisted) character varieties to the singular (untwisted) case.
Introduction
Let G be a complex reductive group and Γ a finitely generated group. The character variety Rep(Γ, G) is the moduli space of reductive representations of Γ into G. In this paper we introduce techniques for computing the E-polynomials of a number of such character varieties. Recall that for any complex algebraic variety, the E-polynomial encodes its virtual Hodge numbers defined with respect to its canonical mixed Hodge structure on compactly supported cohomology.
The pioneering work in this subject is the paper of Hausel and Rodriguez-Villegas [8] , which uses arithmetic techniques to compute the E-polynomials of certain non-singular (twisted) character varieties. In this paper, we will show how to extend the approach of Hausel and Rodriguez-Villegas to the case of untwisted character varieties, which are almost always singular, due to the presence of reducible representations. We then proceed to apply our method to compute the E-polynomials of a number of such character varieties, as detailed in Section 1.1. Amongst other results, we compute the E-polynomials of the SL 3 (C) and GL 3 (C)-character varieties for Γ the fundamental group of a compact oriented surface (Theorem 1.7) and the E-polynomials of the SL 2 (C) and GL 2 (C)-character varieties for Γ the fundamental group of a compact non-orientable surface (Theorem 1.4). We also recover the formula in [16] for E-polynomial of the SL 2 (C)-character variety for the fundamental group of a compact oriented surface, through a much simpler calculation (Theorem 1.3).
In this paper G will always be either a general linear group GL n (C) or a special linear group SL n (C), though our methods could certainly be applied to other reductive groups. Our first main result is Theorem 1.1, which reduces the computation of the E-polynomials of the character varieties Rep(Γ, GL n (C)) and Rep(Γ, SL n (C)) to a problem in arithmetic: Theorem 1.1. Suppose there is a polynomial A(t) ∈ C[t] and a positive integer N such that for every finite field F q of order q with q = 1 (mod N ), the number of isomorphism classes of ndimensional reductive representations over F q (resp. n-dimensional reductive representations over F q with trivial determinant) equals A(q). Then A(q) is the E-polynomial of the complex character variety Rep(Γ, GL n (C)) (resp. Rep(Γ, SL n (C))).
Thus to calculate the E-polynomials of the GL n (C) and SL n (C)-character varieties of Γ, we need to count n-dimensional reductive representations of Γ over finite fields, or n-dimensional representations with fixed determinant. Our strategy for doing this is as follows. Let Hom(Γ, GL n (F q )) (resp. Hom(Γ, SL n (F q )) ) be the set of all homomorphisms from Γ into GL n (F q ) (resp. SL n (F q )). Following [8] , [18] we will compute the number of elements of Hom(Γ, GL n (F q )) and Hom(Γ, SL n (F q )) using the character theory of the general linear and special linear groups over finite fields. We then count the number of reducible homomorphisms of Γ into GL n (F q ) and SL n (F q ). Taking all representations and subtracting off the reducible representations gives the number of irreducible representations, from which one can readily obtain the number of reductive representations. In principle this gives a formula, recursive in n, for the number of n-dimensional representations, at least for certain groups Γ. However, the computations rapidly increase in complexity with n, so in this paper we will only carry out the explicit computations in the cases n = 2, 3.
1.1. Computations. We state the results of our E-polynomial computations. For a given group Γ we denote by A GLn (q) the number of n-dimensional reductive representations of Γ over finite fields F q of order q satisfying q = 1 (mod N ), where N is as in Theorem 1.1. Similarly we denote by A SLn (q) the number of n-dimensional reductive representations of Γ with trivial determinant. By Theorem 1.1, these will also give the E-polynomials of the corresponding complex character varieties. The E-polynomial for the SL 2 (C) case was computed in [1] and [19] . The GL 2 (C) case was also shown in [19] . Theorem 1.3 (Compact oriented surfaces, n = 2). Let Γ = π 1 (Σ g ) be the fundamental group of a compact oriented surface Σ g of genus g. Then:
A GL2 (q) = (q − The E-polynomial for SL 2 (C) was first computed for the cases g = 1, 2 in [13] , g = 3 in [15] and g > 3 in [16] . We note that the computation in [16] for the g > 3 case uses the g = 1, 2, 3 cases as inputs, so the complete result depends on all three of these papers. Our computation, based on entirely different methods turns out to be substantially simpler. To the best of our knowledge the E-polynomial for the corresponding GL 2 (C)-character varieties have not previously been computed.
Theorem 1.4 (Compact non-orientable surfaces)
. Let Γ = π 1 (Σ k ) be the fundamental group of a compact non-orientable surface Σ k of Euler characteristic 2 − k. Then:
If k is even, then:
If k is odd, then:
These results are new, except for the SL 2 (C) E-polynomials for k = 2, 3, which were calculated in [17] by different methods. Setting q = 1 in these expressions gives the topological Euler characteristic of the corresponding complex character variety. Thus we obtain: Theorem 1.5. For k > 2, the Euler characteristic of Rep(π 1 (Σ k ), SL 2 (C)) is 2 2k−3 − 3 · 2 k−2 if k is even, −2 2k−3 + 2 k−2 if k is odd.
Theorem 1.6 (Torus knots)
. Let a, b be coprime integers and K ⊂ S 3 an (a, b)-torus knot. Let Γ = π 1 (S 3 \ K) be the fundamental group of the complement of K in S 3 .
If a, b are odd, then:
A GL2 (q) = (q − 1) q + (a − 1)(b − 1) (q − 2) 4 .
If a is even and b is odd, then:
A GL2 (q) = (q − 1) q + (b − 1) (aq − 3a + 4) 4 .
In the SL 2 case, we have:
A SL2 (q) = q + 1 2 (a − 1)(b − 1)(q − 2).
The E-polynomial for these SL 2 (C)-character varieties follows from [20] , where the structure of the character variety is completely described, however the GL 2 (C) case appears to be new. Theorem 1.7 (Compact oriented surfaces, n = 3). Let Γ = π 1 (Σ g ) be the fundamental group of a compact oriented surface Σ g of genus g. Then:
A GL3 (q) (q − 1) 2g = (q 2 + q) 3 q 5 + q 4 + q 3 2g−2 + (q 2 − q)
Both of these results are new. Setting q = 1, we obtain the Euler characteristic of the SL 3 (C)-character varieties:
We note that the Euler characteristic of the GL 2 (C) and GL 3 (C)-character varieties vanish due to the overall factor (q − 1).
Structure of paper.
A brief outline of the paper is as follows. In §2 we recall the definition of the E-polynomial of a complex algebraic variety. We then recall the theorem of Katz from [8] which relates the E-polynomial to counting points of varieties over finite fields. In §3 we recall the definition of the character variety Rep(Γ, G(C)) for a finitely generated group Γ and complex reductive group G(C). We construct a spreading out of Rep(Γ, G(C)) and proceed to characterise the F q -points for a finite field F q . For G = GL n (C) or SL n (C) the answer is given by Theorem 3.8, which shows that the F q -points are given by reductive representations of Γ over F q . The remainder of the paper is concerned with counting the number of reductive representations of various groups Γ into GL n (F q ) and SL n (F q ) for n = 2, 3. In §4 we begin by outlining our general strategy for relating the number of reductive representations to the total number of homomorphisms Γ → GL n (F q ) or SL n (F q ). In 4.1 we carry out this strategy in the n = 2 case for arbitrary Γ. In 4.2 we carry out the n = 3 case when Γ is the fundamental group of a compact oriented surface. In §5 we recall how character theory can be used to count the number of homomorphisms Γ → G, where G is a finite group. We work out the details of this for several different groups Γ. In 5.7, 5.8 we use the classification of the characters of general linear and special linear groups over finite fields to explicitly compute the number of homomorphisms Γ → GL 3 (F q ) and SL 3 (F q ) where Γ is the fundamental group of a compact oriented surface. In §6, we carry out the explicit computation of the E-polynomial of GL 2 (C) and SL 2 (C) for various groups Γ. We conclude in §7 with the computation of the E-polynomial of the GL 3 (C) and SL 3 (C)-character varieties for Γ the fundamental group of a compact orientable surface.
E-polynomials and a theorem of Katz
Let X be a complex algebraic variety. Deligne proved that the singular cohomology groups of X possess a mixed Hodge structure [3, 4] . Namely, for each i there is an increasing weight filtration
and a decreasing Hodge filtration
such that for each l, the filtration on the complexification of Gr 
We define the mixed Hodge numbers h p,q,i (X) of X by:
Similarly, the compactly supported singular cohomology groups H i c (X, Q) can be shown to admit a mixed Hodge structure [2] . Let h p,q,i c (X) denote the mixed Hodge numbers for compactly supported cohomology. The E-polynomial or Hodge-Deligne polynomial [2] of X is the polynomial
For the varieties that we are concerned with in this paper, the E-polynomial will turn out to be a polynomial of uv alone. In this case we set q = uv and denote the E-polynomial of X by E X (q).
The E-polynomial satisfies a number of useful properties including the following:
(1) If X is a disjoint union of finite number of locally closed subvarieties X i , i ∈ I then E X = i∈I E Xi [2, Proposition 1.6]. (2) If X → Y is a fibre bundle with fibre F , which is locally trivial in the Zariski topology, then 1) is the topological Euler characteristic (follows from (2.1) and the fact that the compactly supported Euler characteristic equals the usual one, by [11] ).
Following Hausel and Rodriguez-Villegas [8] , we will compute the E-polynomial using arithmetic techniques. We recall the setup from [8] . Let X be a complex algebraic variety. A spreading out of X is a separated R-scheme of finite type X R , where R is a subring of C which is finitely generated as a Z-algebra, such that X = X R × R C. We say that X has polynomial count if there is a polynomial P X (t) ∈ C[t] and a spreading out X R such that for every homomorphism φ : R → F q to a finite field of order q, the number of F q -points of X R is P X (q). If X has polynomial count it can be shown that P X (t) ∈ Z[t] and is independent of the choice of spreading out [8, Section 6] . The following theorem is essential to this paper.
Theorem 2.1 (Katz [8] ). Let X be a complex algebraic variety. If X has polynomial count with counting polynomial P X (t) ∈ Z[t], then the E-polynomial E X (u, v) of X is given by:
In particular, E X (u, v) is a polynomial of q = uv alone and we write E X (q) = P X (q). Theorem 2.1 gives an arithmetic technique for computing the E-polynomials of certain complex algebraic varieties. We will apply this to a number of singular character varieties.
3. F q -points of character varieties for SL n and GL n 3.1. Character varieties. Let Γ denote a finitely generated group and G a reductive group scheme over Z, given as a closed subgroup of GL N (Z) for some N . Let Aff Z denote the category of affine Z-schemes, Set the category of sets and consider the contravariant functor F : Aff Z → Set sending the affine scheme Spec(R) to Hom(Γ, G(R)), the set of homomorphisms from Γ into G(R), the group of R-points of G. We claim that this functor is representable by an affine Z-scheme of finite type X. To show this, choose a presentation 
is an affine Z-scheme of finite type. Given a commutative ring R, the set of R-points of X is:
showing that X does indeed represent the functor F . The Yoneda lemma shows that X is independent of the choice of presentation of Γ and we will write X = Hom(Γ, G). Note that in general X need not be reduced.
The group scheme G acts on G k by conjugation componentwise. The ideal I is preserved by G, so we obtain an action of G on X = Spec(S). On passing to R-points, this gives the action of G(R) on X(R) = Hom(Γ, G(R)) by conjugation.
Let X C = X × Z C. Then X C is a complex algebraic variety whose closed points are naturally in bijection with Hom(Γ, G(C)). Clearly X C = Spec(S C ), where S C = S ⊗ Z C. The group G(C) acts by conjugation on X C . We define the complex character variety Y C = Rep(Γ, G(C)) to be the affine GIT quotient of this action, i.e.
where S G(C) C denotes the subring of G(C)-invariants of S C .
Next we look for a spreading out of the character variety Y C = Rep(Γ, G(C)). Let R ⊂ C be a subring which is finitely generated as a Z-algebra.
). By a theorem of Seshadri [21, Lemma 2] , since the inclusion i : R → C is a flat morphism, we have
For reasons that will fully become clear later, it will be convenient to let R be the ring R = Z[1/N, ζ N ], where N is some positive integer and ζ N is a primitive N -th root of unity. A partial justification for this choice is given by the following lemma.
Lemma 3.1. Let F q be a finite field of order q. There exists a (unital) homomorphism φ : R → F q if and only if q = 1 (mod N ).
Proof. Suppose that φ : R → F q is a (unital) homomorphism. Then since N is a unit of R we must have that q and N are coprime. It follows that N divides q d − 1 for some d and hence there is a degree d extension F q d ⊇ F q which contains a primitive N -th root of unity, i.e. an element x ∈ F q d such that 
3.2. F q -points. Let φ : R → F q be a homomorphism. This makes F q into an R-scheme. We wish to count the number of F q -points of Y R , i.e. the number of R-morphisms Spec(F q ) → Y R . Noting that the inclusion Z → R is flat, we have again by [21, Lemma 2] that
So the F q -points of Y R may be canonically identified with the F q -points of Y Z . Note that this description does not involve the ring R. In fact the role of the ring R is simply that, according to Lemma 3.1, it allows us to restrict ourselves to those q satisfying q = 1 (mod N ) for any desired positive integer N .
To simplify notation, we will write Y for Y Z . To count the number of F q -points of Y , it turns out to be easiest to first consider points over an algebraic completion F q of F q and then count fixed points of the (arithmetic) Frobenius map. To describe the F q -points of Y it is useful to first consider X. Observe that the F q -points of X can be canonically identified with the set Hom(Γ, G(F q )) and note that G(F q ) acts on Hom(Γ, G(F q )) by conjugation. By another theorem of Seshadri [21, Theorem 3 (ii) ], the F q -points of Y can be described in terms of the F q -points of X as follows. Write X(F q ) and Y (F q ) for the sets of F q -points of X and
is the quotient of X(F q ) by the following equivalence relation:
We will now specialise to the case where G = GL n (Z) or SL n (Z). Consider first the case G = GL n (Z). Then X(F q ) is the set of homomorphisms ρ : Γ → GL n (F q ). In particular, ρ can be thought of as an n-dimensional representation of Γ over the field F q . The action of GL n (F q ) on X(F q ) is by conjugation ρ → gρg −1 , g ∈ GL n (F q ). Clearly this descends to an action of P GL n (F q ). We have that two homomorphisms ρ 1 , ρ 2 : Γ → GL n (F q ) are conjugate under the GL n (F q )-action if and only if they are isomorphic as representations. Next consider the case G = SL n (Z). Then X(F q ) is the set of homomorphisms ρ : Γ → SL n (F q ), i.e. n-dimensional representations over F q with trivial determinant. Two such homomorphisms are conjugate under the SL n (F q )-action if and only if they are isomorphic as representations. This is true because the projection SL n (F q ) → P GL n (F q ) is surjective (as F q is algebraically closed). Proposition 3.2. For G = GL n (Z), the set of F q -points of Y may be identified with rank n reductive representations of Γ over F q . For G = SL n (Z), the set of F q -points of Y may be identified with the rank n reductive representations of Γ over F q with trivial determinant.
Proof. Let E be a rank n representation of Γ over F q . Suppose that E is an extension 0 → A → E → B → 0, where A has rank n 1 and B has rank n 2 . Thus E is given by a homomorphism ρ : Γ → GL n (F q ) of the form
where ρ A : Γ → GL n1 (F q ), ρ B : Γ → GL n2 (F q ) are homomorphisms corresponding to the representations A and B. For any t ∈ F × q , let D t ∈ SL n (F q ) be given by:
In particular, the closure of the orbit O ρ contains the representation
More generally, if a representation E admits a filtration 0
. Now since every representation of Γ admits a Jordan-Hölder decomposition, we see that every representation is equivalent to a reductive representation. It remains to show that non-isomorphic reductive representations are not equivalent.
Let G(F q ) be either GL n (F q ) or SL n (F q ) and let tr : G(F q ) → F q be the trace. Given x ∈ Γ, consider the regular function f x : Hom(Γ, G(F q )) → F q given by f x (ρ) = tr(ρ(x)). These are conjugation invariant functions and hence define regular functions on Y Fq = Y × Z F q . The characters of distinct irreducible representations of Γ are linearly independent [6, Theorem 3.6.2(i)], thus if ρ 1 , ρ 2 are non-isomorphic reductive representations, then there is some x ∈ Γ for which f x (ρ 1 ) = f x (ρ 2 ). It follows that O ρ1 ∩ O ρ2 = ∅, since f x is constant on O ρ1 and O ρ2 with different values. Now we want to pass from the F q -points of Y to the F q -points. Let σ :
By abuse of notation we will denote this action as σ :
. This is usually called the arithmetic Frobenius map. From the definition it is immediate that the fixed point set of σ :
We let the Frobenius map σ act on GL n (F q ) and SL n (F q ) by sending a matrix A with entries A ij ∈ F q to the matrix σ(A) with entries σ(A) ij = σ(A ij ). Recall that Y (F q ) can be canonically identified with the set of isomorphism classes of reductive representations ρ : Γ → G(F q ), where
Then it is easy to see that the Frobenius map σ :
Proof. First we prove the result for irreducible representations. Thus suppose that ρ : Γ → GL n (F q ) is irreducible and σ • ρ is conjugate to ρ, that is,
Then since ρ is irreducible, we have that u is a multiple of the identity, that is
Replacing g by ag, we may assume that
From this it follows easily that σ
Now we consider the general case where ρ is reductive. Let χ ρ : Γ → F q be the character of ρ, that is χ ρ (x) = tr(ρ(x)). Write χ ρ = i m i χ i , where the χ i are characters of distinct irreducible representations and m i are the multiplicities. Since σ • ρ is conjugate to ρ, we have that χ σ•ρ = σ(χ ρ ) = χ ρ . For a given irreducible representation ρ j with character χ j , let d j be the order of χ j under the Frobenius action, i.e. let d j be the least positive integer such that σ dj (χ j ) = χ j . Such a d j exists since, as we have previously argued, ρ j is valued in some finite extension of F q . Then since σ(χ) = χ, we can choose a decomposition of ρ of the form
where the ρ j are irreducible representations (not necessarily distinct) and d j is the order of χ j under the Frobenius action. Set ρ
If we can prove the lemma for the representations ρ ′ j , then by taking direct sum we obtain the result for ρ. Thus we are reduced to proving the lemma for a representation of the form
, where ρ is irreducible and the Frobenius action on χ has order d. Note this means that σ d (ρ) is conjugate to ρ. Now since ρ is irreducible, the above proof of the lemma in the irreducible case implies that, upon conjugating if necessary, we can assume ρ is valued in
where g is given by:
Remark 3.4. In the proof of Lemma 3.3 we have shown the following. Let V be an irreducible representation of Γ over F q . Let d be the least positive integer such that
Then V ′ is a representation of Γ over F q and is moreover irreducible over F q . It is easy to see that every irreducible representation of Γ over F q is of this form for some V .
Proof. According to Proposition 3.2, the F q -points of Y are given by isomorphism classes of reductive representations (with trivial determinant in the special linear case). The F q -points of Y are then the fixed points of the Frobenius action. These are precisely the reductive representations ρ such that σ • ρ is conjugate to ρ. According to Lemma 3.3, these are up to conjugacy, given by representations valued in GL n (F q ) (in the special linear case, the determinant of the representation is trivial, so the fixed points of the Frobenius action are given by representations valued in SL n (F q )). Lastly we just need to note that two such representations define the same F q -point of Y if and only if they are conjugate over F q .
Next, we want to understand better what it means for two representations to be conjugate over F q . For this we introduce some definitions. Definition 3.6. Let ρ 1 , ρ 2 : Γ → GL n (F q ) be two representations. We will say that ρ 1 , ρ 2 are:
(
Proposition 3.7. Let ρ 1 , ρ 2 : Γ → GL n (F q ) be two reductive representations. The following are equivalent:
Proof. (2) and (3) are equivalent because the natural map
Clearly (1) implies (2), so it remains to show that (2) implies (1). Let ρ 1 , ρ 2 : Γ → GL n (F q ) and let V, W be the corresponding representations over F q . Then ρ 1 , ρ 2 are conjugate over F q if and only if there is an isomorphism V ⊗ Fq F q ∼ = W ⊗ Fq F q of representations over F q . Suppose this is the case. By Remark 3.4, there are irreducible representations
where By this proposition, two representations ρ 1 , ρ 2 : Γ → GL n (F q ) are conjugate over F q if and only if they are conjugate over F q , i.e. if and only if they are isomorphic as representations over F q . Similarly, ρ 1 and ρ 2 are special conjugate over F q if and only if they are conjugate over F q , i.e. if and only if they are isomorphic as representations over F q . Putting together the results of this section with Katz's theorem, we have: Theorem 3.8. Suppose there is a polynomial A(t) ∈ C[t] and a positive integer N such that for every finite field F q of order q with q = 1 (mod N ), the number of isomorphism classes of ndimensional reductive representations over F q (resp. n-dimensional reductive representations over F q with trivial determinant) equals A(q). Then A(q) is the E-polynomial of the complex character variety Rep(Γ, GL n (C)) (resp. Rep(Γ, SL n (C))).
Counting representations
Our goal is to compute for n = 2, 3, the number of isomorphism classes of reductive representations of Γ into GL n (F q ) or SL n (F q ), where by isomorphism class, we mean conjugate under the action of GL n (F q ). This can be worked out from the number of absolutely irreducible representations, so our first task is to compute this. We will indirectly compute the number of absolutely irreducible representations by first computing the total number of representations and then subtracting away all representations which are not absolutely irreducible.
To explain our strategy further, we introduce some notation. Let X n denote the set of all isomorphism classes of representations of Γ into GL n (F q ) and X n ⊆ X n the set of such representations with trivial determinant. Let X red n (resp. X red n ) denote the subset of X n (resp. X n ) consisting of reductive representations, similarly write X nr n , X nr n for non-reductive representations and X ai n , X ai n for absolutely irreducible representations. We will stratify X n into a disjoint union of subsets X (i) n in such a way that:
(1) each X (i) n will consist entirely of reductive representations or entirely of non-reductive representations, and (2) for every ρ ∈ X (i) n , the size of the stabiliser of ρ under the P GL n (F q )-action by conjugation depends only on i and will be denoted by s i .
We get an induced stratification of X n by setting X
Let a be the total number of strata, so i runs from 1 to a. Set I = {1, 2, . . . , a}. Let R ⊆ I be the set of indices i ∈ I for which X (i) n ⊆ X red n and N ⊆ I the indices i ∈ I with X (i) n ⊆ X nr n , so I is the disjoint union of R and N . We will choose the strata in such a way that X (1) n = X ai n , hence s 1 = 1 and 1 ∈ R. We write A GLn (q) = |X red n | and A SLn (q) = | X red n | for the number of reductive representations into GL n (F q ) and SL n (F q ), so that:
On the other hand, the orbit-stabiliser theorem gives:
Re-arranging gives:
These expression will be useful as they give the number of absolutely irreducible representations in terms of the total number of homomorphisms of Γ into GL n (F q ) or SL n (F q ) minus the remaining strata, which can be expressed in terms of lower rank representations. Substituting (4.2) into (4.1), we have:
The important feature of these expressions is that the absolutely irreducible representations do not appear on the right hand side.
4.1. Case of GL 2 and SL 2 . We restrict ourselves to odd q. For rank 2 representations our stratification will consist of 6 strata: R = {1, 2, 3, 4}, N = {5, 6} as we describe below. We will also need the following notation:
• For any integer j ≥ 1, let m j be the number of homomorphisms Γ → Z j .
• Let A be a 1-dimensional representation of Γ over F q . We let b j A denote the dimension of the group cohomology H j (Γ, A) over F q . When A is the trivial representation, we write
2 . These are the absolutely irreducible representations.
2 . These are the irreducible, but not absolutely irreducible representations. Thus they have the form A ⊕ σ(A), where A corresponds to a homomorphism
2 , note that the trivial determinant condition gives Aσ(A) = 1, hence ρ A is valued in µ q+1 = {x ∈ F × q 2 | x q+1 = 1}. Then since µ q+1 is cyclic of order q + 1 and
2 . These are of the form A ⊕ B, where A, B are distinct rank 1 representations over F q . Hence |X
2 . These are of the form A ⊕ A, where A is a rank 1 representation over F q . Hence |X
2 . These are non-trivial extensions A → E → B, where A, B are distinct rank 1 representations over F q . For fixed A, B, such representations correspond to elements in the projectivisation of
A ] q , where the sum is over the non-trivial rank 1 representations. Similarly | X
A 2 ] q , where the sum is over the non-trivial rank 1 representations A with A 2 ≇ 1. We also find that s 5 = 1. Table 1 . Sizes of strata and their stabilisers in the rank 2 case.
Strata X
2 , X
2 . These are non-trivial extensions A → E → A, where A is a rank 1 representation over F q . Using similar reasoning as above we get |X
Our calculations are summarised in Table 1 . Putting all of this into Equation (4.3) and simplifying gives the following theorem.
Theorem 4.1. Let q be odd. Then A GL2 (q), A SL2 (q) are given by:
4.2.
Case of GL 3 and SL 3 . For rank 3 representations, the calculation of the sizes of the strata is already quite involved and the details depend considerably on the particular choice of group Γ. As such we will restrict ourselves to the case that Γ = π 1 (Σ g ) is the fundamental group of a compact oriented surface of genus g. We will also assume that q = 1 (mod 6). Our chosen stratification will consist of 30 strata: R = {1, 2, . . . , 7}, N = {8, 9, . . . , 30} described below. We will also make use of the following lemma.
It is easy to see that |Y | = m 1}. Since we assume q = 1 (mod 6), we find |µ 1+q+q 2 ∩ F q | = 3. So | X
3 | = (m q 2 +q+1 − m 3 )/3. The stabiliser in GL 3 (F q ) consists of diagonal matrices diag(x, σ(x), σ 2 (x)), where x ∈ F × q 3 , hence
3 . The reductive representations of the form A 2 ⊕A 1 , where A 2 is an absolutely irreducible representation of rank 2 and A 1 has rank 1. Then X
3 . The reductive representations of the form A ⊕ B ⊕ C, where A, B, C are distinct rank 1 representations over F q . Thus |X Strata X
3 , X
3 . The reductive representations of the form A ⊕ A ⊕ B, where A, B are distinct rank 1 representations over F q . Thus |X
3 . The reductive representations of the form A ⊕ A ⊕ A, where A is a rank 1 representation over F q . Thus |X
The strata for 8 ≤ i ≤ 11 are the reducible representations which contain exactly one proper, non-trivial invariant subspace.
3 . The non-trivial extensions A 2 → E → A 1 , where A 2 is rank 2 absolutely irreducible and A 1 has rank 1. Note that dim(
3 . The non-trivial extensions A 1 → E → A 2 , where A 2 is rank 2 absolutely irreducible and A 1 has rank 1. These are the dual representations to X . The non-trivial extensions A 2 → E → A 1 , where A 1 has rank 1 and A 2 = A ⊕ σ(A), where A is a rank 1 representation over F q 2 with σ(A) ≇ A. For a fixed A 1 , A, these are classified by the projectivisation over F q 2 of the F q 2 -vector space
which has dimension 2g − 2. Thus |X
, X
. Representations A ⊕ E, where E is a non-trivial extension B → E → A and A, B are distinct rank 1 representations. These representations are the duals to X 
. Representations A⊕E, where E is a non-trivial extension A → E → A and A is a rank 1 representation. Thus |X . The non-trivial extensions A ⊕ B → E → C, where A, B, C are distinct rank 1 representations, such that A → E/B → C and B → E/A → C do not split. Thus
. The non-trivial extensions A ⊕ A → E → C, where A, C are distinct rank 1 representations, such that for every invariant rank 1 subspace ι : A → A ⊕ A, the induced sequence (A ⊕ A)/ι(A) → E/ι(A) → C does not split. For given representations A, C, such extensions correspond to classes ξ ∈ H 1 (Γ, Hom(C, A ⊕ A)) with the following property. Let V = H 1 (Γ, Hom(C, A)), which is a 2g − 2-dimensional vector space over F q . Then ξ ∈ V ⊕ V ∼ = Hom(F 2 q , V ). The condition on ξ is that it is injective when viewed as a map ξ : F 2 q → V . Two such ξ define isomorphic extensions if and only if they lie in the same orbit of GL 2 (F q ) acting on Hom(F . Thus
. The non-trivial extensions A ⊕ B → E → A, where A, B are distinct rank 1 representations, such that A → E/B → A and B → E/A → A do not split. Thus |X
. The non-trivial extensions A ⊕ A → E → A, where A is a rank 1 representation, such that for every invariant rank 1 subspace ι : A → A ⊕ A, the induced sequence (A ⊕ A)/ι(A) → E/ι(A) → A does not split. By the same reasoning as used for X ( 
18) 3
, we find that |X 
The strata for 21 ≤ i ≤ 24 are the representations E with at least two rank 2 invariant subspaces and exactly one rank 1 invariant subspace C. It follows that E/C is decomposable. These are the duals of the strata 17 ≤ i ≤ 20.
Strata X . The extensions C → E → A ⊕ A, where A, C are distinct rank 1 representations and for which the extension class in H 1 (Γ, Hom(A ⊕ A, C)) restricts to a non-trivial class in H 1 (Γ, Hom(A, C)) for every invariant rank 1 subspace ι : A → A ⊕ A. These are the dual , X . The extensions A → E → A ⊕ A, where A is a rank 1 representation and for which the extension class in H 1 (Γ, Hom(A ⊕ A, A)) restricts to a non-trivial class in Hom(B, A) ) and H 2 (Γ, Hom(C, A)) ∼ = H 0 (Γ, Hom(A, C)) * , gives a short exact sequence:
Thus, up to isomorphism, the number of extensions A → E → F which restrict to non-trivial classes in 
Thus, up to isomorphism, the number of extensions A → E → F which restrict to non-trivial classes in Hom(A, A) ) * ∼ = F q gives a long exact sequence:
Thus, up to isomorphism, the number of extensions A → E → F which restrict to non-trivial classes in
. The non-trivial extensions A → E → F , where F is a non-trivial extension A → F → A and A is a rank 1 representation satisfying the following condition. Let β ∈ H 1 (Γ, Hom(A, A)) be the extension class of A → F → A, let ξ ∈ H 1 (Γ, Hom(F, A)) be the extension class of A → E → F and let α ∈ H 1 (Γ, Hom(A, A)) be the restriction of ξ under the inclusion A → F . Then we require that α, β ∈ H 1 (Γ, Hom(A, A)) are not multiples of one another. Fix the representation A. The number of non-trivial extensions A → F → A is given by [2g] q . Fix an extension class β ∈ H 1 (Γ, Hom(A, A)) representing such an extension F . The long exact sequence in cohomology associated to Hom(A, A) → Hom(F, A) → Hom(A, A) takes the form:
where ∪β :
, which is a 2g-dimensional vector space over F q and β is an element of V . The cup product defines an alternating bilinear form V ⊗ V → F q . The long exact sequence (4.4) gives a non-canonical identification of H 1 (Γ, Hom(F, A)) with the set of pairs ξ = (γ, α) ∈ V ⊕ V satisfying α ∪ β = 0, modulo the subspace spanned by (β, 0). Under this identification the restriction map Hom(A, A) ) sends (γ, α) to α. We seek to count the number of isomorphism classes of non-trivial extensions A → E → F defined by extension classes ξ = (γ, α) ∈ H 1 (Γ, Hom(F, A)). For this we note that two pairs ξ 1 , ξ 2 define isomorphic extensions if and only if they lie in the same orbit of the natural action of Aut(F ) on H 1 (Γ, Hom(F, A)), where Aut(F ) is the group of automorphisms of F . At the level of pairs (γ, α), the action of Aut(F ) is generated by rescaling (γ, α) → (cγ, cα), c ∈ F × q and shifts (γ, α) → (γ + tα, α), for t ∈ F q . It follows that the number of isomorphism classes of pairs ξ = (γ, α) with α not proportional to β is [2g − 2]2g−1 . Thus
. This is the same as for X , except we assume that α, β are proportional. It follows that for given A and β, the number of isomorphism classes of pairs ξ = (γ, α) with α proportional to β is q 2g−1 . Thus |X
The calculations in this section are summarised in Table 2 .
Counting |Hom(Γ, G)|
Let G be a finite group and let Hom(Γ, G) be the set of homomorphisms from Γ to G. In this section we recall that for certain Γ, one can compute the size of Hom(Γ, G) using character theory. Let us introduce the following notation; for a function f : G → C, we define
The main tools we use are the following results: 
where the sum is over the irreducible characters of G.
Proposition 5.2 ([8], §2.3).
Let χ be any irreducible character of G and z any element of G. Let w(x 1 , . . . , x n ) denote a word in x 1 , ..., x n . Then
For any irreducible character χ, we have
.
Let χ be an irreducible character of G and n a positive integer. Then we define the n-th Frobenius-Schur indicator ν n (χ) by
It is known that ν n (χ) is an integer [9] . When n = 2, ν 2 (χ) is the usual Frobenius-Schur indicator and we have:
5.1. Fundamental groups of compact oriented surfaces. Let Γ = π 1 (Σ), where Σ is a compact oriented surface of genus g. Then Γ has a presentation
and we have recovered the well known formula:
5.2.
Fundamental groups of compact non-orientable surfaces. Let Γ = π 1 (Σ), where Σ is a compact non-orientable surface of Euler characteristic e. Then Σ = # k RP 2 , where k = 2 − e. So Γ has a presentation
so we have found:
5.3. Torus knots. Let a, b be coprime positive integers and set Γ = π 1 (S 3 \ K), where K is an (a, b)-torus knot. Then Γ is known to have the presentation
Hence,
5.4. Characters of GL 2 (F q ). Assume q is odd. For an abelian group A, we let A = Hom(A, C * ) denote the character group of A. The character table for GL 2 (F q ) is [5] , [18] :
gives the same character.
5.5. Characters of SL 2 (F q ). Assume that q is odd. Let α 0 ∈ F × q be the unique element of order 2 and similarly let ω 0 ∈ µ q+1 be the unique element of order 2. The character table for SL 2 (F q ) is [5] , [18] :
q with α = 1, α 0 , ω ∈ µ q+1 with ω = 1, ω 0 , b is either 1 or y, where y ∈ F × q is some fixed non-square, ϕ denotes the complex number α 0 (ab) α 0 (−1)q. Note that replacing a by a −1 or x by x −1 = x q gives a different representative for the same conjugacy class. Similarly, replacing α by α −1 or ω by ω −1 gives the same character.
5.6. Frobenius-Schur indicators. Assume q = 1 (mod 4) and q = 1 (mod a). By a direct computation from the character table, we find the Frobenius-Schur indicators for GL 2 (F q ) are:
In this table,
Similarly the Frobenius-Schur indicators for SL 2 (F q ) are as follows. In this table we calculate ν a (χ) under the assumption that q = 1 (mod 4) and q = 1 (mod a).
. We assume q = 1 (mod 3). In this section we will compute |Hom(Γ, GL 3 (F q ))| in the case that Γ = π 1 (Σ g ) is the fundamental group of a compact oriented surface of genus g. From (5.1), we have
, where the sum is over the irreducible characters of GL 3 (F q ). To compute this we need to briefly review some facts about the irreducible characters of the general linear groups over finite fields [14] , [8] [7] .
Let P m be the set of all partitions λ of m and write m = |λ|. Let P = ∪ m≥0 P m , where, P 0 consists of just the trivial partition {0}. A non-trivial partition λ may be written as λ = (
define for each partition λ a modified hook polynomial H λ (q) by
where the product is over the boxes z of the Young diagram and h(z) is the hook length of z. For the trivial partition {0}, set H {0} (q) = 1.
For each positive integer r, let Γ r = F × q d . If r divides s then the norm map F q s → F q r induces an inclusion Γ r → Γ s . Let Γ = lim − → Γ r be the direct limit of the Γ r with respect to these inclusions. The Frobenius automorphism σ acts on Γ via σ(γ) = γ q . The degree d(γ) of γ ∈ Γ is defined as the size of the orbit of γ under the Frobenius action. There is a canonical bijection between the irreducible characters of GL n (F q ) and maps Λ : Γ → P which commute with σ and satisfy
In particular, finiteness of the sum means that Λ(γ) = {0} for all but finitely many γ. Let P n (Γ) be the set of all maps Γ → P satisfying these conditions. Given a Λ ∈ P n (Γ), let m d,λ be the multiplicity of (d, λ) in Λ, where d is a positive integer and λ a partition. That is,
Note that |Λ| = d,λ m d,λ d|λ|. The collection {m d,λ } of all multiplicities is called the type of Λ and will be denoted by τ (Λ). In particular, |Λ| depends only on the type and so we will write |τ | for |Λ| where τ = τ (Λ). For a given type τ , let
Given Λ ∈ P n (Γ), let χ Λ be the corresponding irreducible character. Then [8] 
where τ ′ = τ (Λ ′ ) and Λ ′ is the map Γ → P sending γ to Λ(γ) ′ (the dual partition of Λ(γ)).
To compute the right hand side of (5.4), we simply need to work out which types τ have |τ | = 3 and then count the number of Λ of each type. We summarise this information in the following table:
Thus
We can simplify this further, giving:
5.8. Case of SL 3 (F q ). We assume q = 1 (mod 3) and compute |Hom(Γ, SL 3 (F q ))|, again for the case that Γ = π 1 (Σ g ) is the fundamental group of a compact oriented surface of genus g. For this, we need to relate the irreducible characters of SL n (F q ) with GL n (F q ). Let Irr(GL n ) be the set of irreducible characters for GL n (F q ) and Irr(SL n ) the irreducible characters of SL n (F q ).
There is an action of F × q on Irr(SL n ) by (gθ)(h) = θ(ghg −1 ), whereg is any element of GL n (F q ) with det(g) = g. There is also an action of F × q on Irr(GL n ) by tensor product, where one views F × q as the 1-dimensional representations of GL n (F q ) which factor through the determinant det :
Proposition 5.4 ([12] , [10] ). There is a bijection
Moreover, letting Stab(χ) ⊆ F × q denote the stabiliser of χ under the F × q -action we have that
For a given θ ∈ Irr(SL n ) let t(θ) be the size of the orbit |[θ]|. If χ ∈ Irr(GL n ) is related to θ as in Proposition 5.4, then we will also denote t(θ) by t(χ). The action of F × q on Irr(SL n ) preserves dimension of the representation, i.e. (gθ)(1) = θ(1) for all g, θ. It follows that χ(1) = t(χ)θ (1) . Using this, we find:
To complete the computation, we just need to know for each type τ and for each positive integer t, the number of Λ such that τ (Λ) = τ and t(χ Λ ) = t. View F × q as a subgroup of Γ, so that F × q acts on Γ by translation. Then the action of F × q on Λ : Γ → P is given by precomposition by the action of F × q on Γ. From this it is straightforward to determine the Λ ∈ P 3 (Γ) for which t(χ Λ ) = 1. Namely, this can only happen for the types m 3,1 = 1 and m 1,1 = 3. In fact, there are 2(q − 1)/3 different Λ of type m 3,1 = 1 for which t = 3 (all others have t = 1) and there are (q − 1)/3 different Λ of type m 1,1 = 3 for which t = 3 (all others have t = 1). Thus we find:
6. Computations for GL 2 and SL 2 character varieties 6.1. Free groups. In this section Γ = F r is the free group on r generators.
Lemma 6.1. Let A be a non-trivial rank 1 representation of Γ over F q . Then b 1 A = r − 1. Proof. Since F r has cohomological dimension one, equating Euler characteristics gives:
Since A is non-trivial, we have H 0 (Γ, A) = 0 and so dim(H 1 (Γ, A)) = r − 1.
6.2. Case of GL 2 . By Theorem 4.1, we have:
This agrees with [19] . This is polynomial count and hence gives the E-polynomial of the corresponding complex character variety.
6.3. Case of SL 2 . By Theorem 4.1, we have:
This is polynomial count and agrees with [19] .
6.4. Fundamental groups of compact orientable surfaces. In this section Γ = π 1 (Σ g ), where Σ g is a compact oriented surface of genus g ≥ 1.
6.5. Case of GL 2 . Assume that q is odd. By Theorem 4.1, we have:
By Equation (5.1) and the character table for GL 2 (F q ), we also have:
Hence:
This gives:
This is polynomial count. Note that it is (q − 1) 2g times a polynomial in q but this polynomial is not the corresponding E-polynomial for SL 2 .
6.6. Case of SL 2 . We again assume that q is odd. Then by Theorem 4.1, we get:
Using Equation 5.1 and the character table for SL 2 (F q ), we have:
so in total we get:
This calculation recovers at once the results of [13] , which computed the cases g = 1, 2, [15] which computed the case g = 3 and [16] which computed the case g > 3.
6.7. Fundamental groups of compact non-orientable surfaces. In this section Γ = π 1 (Σ k ), where Σ k is a connected sum of k ≥ 1 copies of RP 2 . Recall that Γ has the presentation
Proof. Suppose L : Γ → F × q is a square root of A orn . So for each i, L sends a i to a square root of −1. Thus L sends a k . As this equals 1, we must have that k is even. Since q = 1 (mod 4), we have that −1 has two square roots F × q . It follows that when k is even, we get 2 k square roots of A orn .
Proof. Follows from Poincaré duality and the fact that Σ k has Euler characteristic 2 − k.
6.8. Case of GL 2 . Assume q = 1 (mod 4). By Theorem 4.1, we have:
By Equation (5.2), the character table and Frobenius-Schur indicators for GL 2 (F q ), we have:
Thus:
This is polynomial count. When k > 3, the leading order term in A GL2 (q) is 2q 4k−7 , so this character variety has two irreducible components of dimension 4k − 7. Let ρ : Γ → GL 2 (F q ) be a representation. Then det(ρ(a (ρ(a 1 . . . a k ) ), i.e. whether the determinant line is a square or not. 6.9. Case of SL 2 . We again assume q = 1 (mod 4). First suppose k is even. By Theorem 4.1, we have:
Second, suppose k is odd. Then:
By Equation (5.2), the character table and Frobenius-Schur indicators for SL 2 (F q ), we find, for k even, that:
For k odd, we find:
So when k is even, we have:
For example, putting k = 2, Σ k is the Klein bottle and we get:
When k is odd, we have
For example, when k = 3, so Σ k is a connected sum of three copies of RP 2 , we get:
These are polynomial count. The E-polynomials of the SL 2 (C)-character varieties of π 1 (Σ k ) were computed for k = 2, 3 in [17] . The above examples show that our general formula agrees with [17] in these cases.
Setting q = 1, we obtain:
6.10. Torus knot groups. Let a, b be coprime integers and Γ = x, y | x a = y b be the fundamental group of the complement in S 3 of an (a, b)-torus knot. Throughout we assume q = 1 (mod ab) and q = 1 (mod 4). Proof. Recall that F × q is cyclic of order q − 1. Consider the map f : Z q−1 ⊕ Z q−1 → Z q−1 given by f (u, v) = au − bv. Since a, b are coprime there exists u, v such that au − bv = 1. Hence f is surjective and so the kernel of f has q−1 elements. Consider the map g : Z q−1 → Z q−1 ⊕Z q−1 given by g(w) = (bw, aw). Clearly g maps to the kernel of f . Moreover g is injective, for if bw = aw = 0, then w = (au − bv)w = u(aw) − v(bw) = 0. Thus every solution to au = bv is of the form u = bw, v = aw.
Proof. Let A be the representation A(x) = w b , A(y) = w a . Consider the cocycles for H 1 (Γ, A). Such a cocycle is determined by its values α, β on x and y. The equation x a = y b gives the cocycle condition
A coboundary is a solution to the cocycle condition of the form α = (w b − 1)z, β = (w a − 1)z, for some z ∈ F q . The result now follows easily. So in particular, every irreducible components has dimension at most 2 and the number of 2-dimensional irreducible components is 1 + In particular, the number of 2-dimensional irreducible components is 1 + In particular, this implies that the irreducible components of the character variety have at most dimension 1 and that the number of 1-dimensional irreducible components is 1 + 1 2 (a − 1)(b − 1). This agrees with the results of [20] . Now we suppose a is even and b is odd. For this calculation we will also need to assume q = 1 (mod 2a). Then: 7. SL 3 , GL 3 character varieties for fundamental groups of compact oriented surfaces Let Γ = π 1 (Σ g ), where Σ g is a compact oriented surface of genus g ≥ 1.
7.1. Case of GL 3 . We assume that q = 1 (mod 6). By (4.3) and the calculations in Section 4.2, we have: Collecting some terms and noting that m q 3 −1 /m q−1 = m q 2 +q+1 gives:
2 | + Further simplifying, we get: Recall that |X So we get: + q 4g−6 − q 2g−2 − q 2g−4 (q − 1) 2g + (q 2g−2 − 1)(q 2g−4 + q 2g−1 − 2)(q − 1) 2g−2 .
In particular, A GL3 (q) is a polynomial, so it gives the E-polynomial of the GL 3 (C)-character variety.
7.2. Case of SL 3 . We continue to assume q = 1 (mod 6). From (4.3) and the results of Section 4.2, we get:
